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1. Na brejoÔn oi idiotimèc kai oi idiosunart seic tou telest :

A =
d2

dx2
+ 2

d

dx
+ 1, 0 ≤ x ≤ L,

an u(0) = u(L) = 0. Na exet�sete an o telest c eÐnai autoprosarthmènoc.

2. Na apodeÐxete ton tÔpo diplasiasmoÔ thc sun�rthshc Γ(x), dhlad :

22ρ−1Γ(ρ)Γ(ρ+
1

2
) =
√
πΓ(2ρ).

Upìdeixh: IsqÔei h sqèsh B(ρ+ 1
2
, 1
2
) =

Γ(ρ+ 1
2
)Γ(1

2
)

Γ(ρ+ 1)

3. 'Estw to prìblhma sunoriak¸n tim¸n:

y′′ + λy = 0

y(0) = y(1) = 0

Na deÐxete ìti ìlec oi idiotimèc tou, λ, eÐnai (i) pragmatikèc kai mh arnhtikèc
kai (ii) sqhmatÐzoun mia gnhsÐwc aÔxousa akoloujÐa λn me limλn →∞.

4. 'Estw o telest c Ta me dr�sh:

Taf(x) = f(x+ a), x ∈ R, a > 0

(a) Na exet�sete an o telest c Ta eÐnai grammikìc.
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(b) Na deÐxete ìti o telest c Ta eÐnai monadiakìc kai na brejoÔn o prosar-
thmènoc kai o antÐstrofìc tou.

(g) Epanal�bete to er¸thma (b) sthn perÐptwsh pou h sun�rthsh eÐnai pe-
riodik  me perÐodo a. Ti gÐnetai an a→∞?

5. Na d¸sete ton orismì thc sun�rthshc Γ(n) se morf  genikeumènou o-
loklhr¸matoc. BreÐte tic timèc Γ(1) kai Γ(1/2). An n jetikìc akèraioc, na
deÐxete ìti Γ(n+ 1) = n!.

6. JewreÐste to sÔsthma exis¸sewn:


d

dr

(
r2
dR

dr

)
− λR = 0, (1)

d

dφ

(
sinφ

dΦ

dφ

)
+ λ sinφ Φ = 0, (2)

ìpou R = R(r), Φ = Φ(φ) kai 0 ≤ r ≤ 1, 0 ≤ φ ≤ π. (a) Qrhsimopoi ste
thn allag  metablht c x = cosφ gia na metatrèyete thn exÐswsh (2) sthn
exÐswsh:

(1− x2)y′′ − 2xy + λy = 0

ìpou y = y(x) kai −1 ≤ x ≤ 1. (b) AntistoiqÐste thn lÔsh y = y(x) se èna
gnwstì polu¸numo kai breÐte thn idiotim  λ. Gr�yte dÔo lÔseic thc exÐswshc
(2) kai kaj¸c kai tic idiotimèc stic opoÐec antistoiqoÔn.

7. Na deÐxete ìti k�je tmhmatik� suneq c sun�rthsh f(x), x ∈ [0, l], mporeÐ

na grafeÐ wc f(x) = a0 +
∞∑
n=1

(
any

(1)
n + bny

(2)
n

)
, ìpou y

(1)
n kai y(2)n oi duo

grammik¸c anex�rthtec lÔseic tou probl matoc sunoriak¸n tim¸n

y′′ + λy = 0, λ ∈ R
y(0) = y(l), y′(0) = y′(l)

Na brejoÔn oi idiosunart seic y(1)n kai y(2)n kaj¸c kai oi stajerèc a0, an kai bn.

8. JewreÐste ta polu¸numa Hermite ,Hn(x), me genn tria sun�rthsh e2tx−t
2

=
∞∑
n=0

Hn(x)

n!
t2. Na deÐxete ìti:

(a) IkanopoioÔn th diaforik  exÐswsh y′′ − 2xy′ + 2ny = 0.

(b) Hn(x) = (−1)nex
2 dn

dxn

(
e−x

2
)
.
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(g) EÐnai orjog¸nia me sun�rthsh b�rouc w(x) = e−x
2
.

(d) Na brejeÐ h genik  lÔsh thc exÐswshc tou erwt matoc (a) gia n = 1.

9. JewreÐste tic sunart seic Γ(x) kai B(x). Na deÐxete ìti:

(a) Gia m,n > 0 isqÔei B(m,n) =
Γ(m)Γ(n)

Γ(m+ n)
.

(b) An

∫ ∞
0

xp−1

1 + x
dx =

π

sin(pπ)
, tìte Γ(p)Γ(1−p) =

π

sin(pπ)
gia 0 < p < 1.

(g) Me b�sh ton orismì B(m,n) = B(n,m), na epalhjeÔeste me to er¸thma
(a).

10. (a) 'Estw o telest c T orismènoc se èna q¸ro Hilbert. Na deÐxete ìti,
an o T−1 up�rqei, tìte metatÐjetai me k�je telest  pou metatÐjetai kai o T .
(b) 'Estw oi metajetoÐ telestèc S kai T , orismènoi se èna q¸ro Hilbert. Na
deÐxete ìti o telest c ST eÐnai antistrèyimoc an kai mìno an oi S kai T eÐnai an-

tistrèyimoi. (g) Na deÐxete ìti o telest cK me dr�shKφ(x) =

∫ 1−x

0

φ(t) dt,

0 ≤ x ≤ 1 eÐnai autoprosarthmènoc.

11. 'Estw to prìblhma sunoriak¸n tim¸n:

y′′ + λy = 0

y(0) = 0, y′(0) =
1

2
y′(1)

Na deÐxete ìti ìlec oi idiotimèc tou eÐnai migadikèc ektìc apì mia kai na tic
upologÐsete.

12. JewreÐste th qronoexarthmènh exÐswsh Schrödinger : i~
∂

∂t
|ψ〉 = H|ψ〉.

Na orÐsete ton telest  H kai na deÐxete ìti gia k�je qronik� anex�rthto
kbantikì telest  A isqÔei:

d

dt
〈ψ|A|ψ〉 =

i

~
〈ψ|[H,A]|ψ〉.

Oi ask seic mporoÔn na epistrafoÔn kai mèsw email (mxenos@cc.uoi.gr) mè-
qri thn hmèra thc exètashc tou maj matoc.
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